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A new model of packed-bed behavior based on a second-order stochastic process is developed 
and examined. The model takes as the basic process the transitions of fluid "packets" among 
allowed velocity states. The observable phenomenon, that is, the spatial distribution of packets, 
is a projection of the velocity state process. 

Results from the model compare well with results from experiments for mixing in packed 
beds. Model parameters are consistent, and correlate with the physical parameters of the 
systems. Present results under mass transfer conditions are inconclusive but encouraging. 

Packed beds are common devices in the chemical in- 
dustries. The transient behavior of such reactors is of in- 
terest for Istartup; eontro'l, and other considerations. The 
amount of mixing that will occur in a packed bed is of 
fundamental importance in design considerations. Such 
mixing will affect productivity, raise recycle requirements, 
or, perhaps, make a particular process inherently impos- 
sible. Both the feasibility of deliberate cycling of a reactor 
to increase yields of an equilibrium-limited reaction by 
in situ separation of reactants and products, and that of 
separating chemical components by chemical parametric 
pumping (21), are strongly dependent on the degree of 
mixing. 

Many different models of packed-bed behavior have been 
proposed but most have been variations of the mixers-in 
series and dispersion models. The former assumes that a 
characteristic bed length equivalent to a perfectly mixed 
tank can be determined, while the latter treats the mixing 
as though it were a diffusion process. 

Serious objections to both these models may be raised 
on fundamental grounds (8, 13, 15, 16). Moreover, as 
illustrated by Figure 1 (after Miller & King), existing 
theory seems not entirely adequate for the correlation of 
experimental data. 

A number of problems exist in present packed-bed tech- 
nology. There is, first, need for a knowledge of the de- 
pendence of the gross velocity profile on the various perti- 
nent physical parameters, and, second, a better understand- 
ing of the internal mixing and mass transfer process. The 
interaction of these constitutes a third problem. Others, 
of course, exist. 

Recent experimental evidence (13) indicates that the 
differing relative velocities of fluid volumes may actually 
be the major source of mixing (in the absence of strong 
velocity profile effects). The object of the present study 
was to develop and examine a model which more closely 
corresponds to the mixing process and which better de- 
scribes observed behavior. 

A STOCHASTIC MODEL 
Introduction 

A stochastic model of packed-bed behavior is one ap- 
proach which may better represent the actual behavior of 
such beds while avoiding the mathematical intractability 
of a complete description via the classical partial differen- 
tial equations written for all physical elements of the sys- 
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tem with the appropriate boundary conditions. 
A number of model types and levels of sophistication are 

available. Here the mixing process will be modeled as a 
walk in velocity states. This is a second-order stochastic 
process and more accurately reflects the physical process 
than would a first-order stochastic process such as a walk 
in a position space. A similar process has been used by 
others (5, 7, 9, 12)  in modeling turbulent diffusion. Note 
that the following is certainly not the only stochastic model 
which might be employed. Other formulations could be 
made, perhaps with equal or better results, and such fur- 
ther exploration of stochastic models for packed beds 
seems clearly indicated to the desirable by the results 
from this first effort. 

Statement of the Model  

Consider three velocity states, &V, 0, and a characteristic 
length L. A characteristic time interval T can be defined as 
the time required to travel one characteristic length. Each 
packet of fluid takes on one of the three possible velocity 
states in each time interval. Each packet is allowed some 
probability of changing its velocity state at the end of each 
time interval. This probability will be taken as dependent 
only on the present velocity state. The position space is 
taken as the one-dimensional space of integers and repre- 
sented as the line through, 0, +- 1, t 2, . . . & v. A large 
number of packets will enter the system at position u = 0 
at time t = 0, none being present prior to t = 0. An initial 
distribution of the packets among the three velocity states 
will be assumed. 

It is desirable to attach some physical significance to the 
various constructs employed. By a packet of fluid we shall 
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Fig. 1. Reported values of axial Peclet number, after Miller and King 
(14). 
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mean a volume element large with respect to the molecular 
mean free path but small with respect to the volume of a 
bed interstice. The characteristic length L can readily be 
associated with the characteristic size of the packing a!,,. 
The postulation of three velocity states is clearly a strong 
deviation from physical reality. In fact, three velocity 
states appear to be the minimum number which can simul- 
taneously account for mass exchange between the fixed and 
fluid phases and imperfect correlation of velocity states in 
the fluid phase. 

The postulation that the transition probabilities are de- 
pendent only on the present velocity implies that they are 
stationary, that is, that they do not vary in time or space. 
This in turn implies that the bed is spatially uniform and 
that the flow is not time varying. 

The postulation that the packets enter the system at 
u = 0 and t = 0 is largely a matter of convenience. No loss 
of generality is encountered as a linear transformation of 
coordinates can bring any desired v and t into a v’ = 0, 
t‘ = 0. The choice of a Dirac delta type input is clearly 
an idealization. The introduction of a tracer into any real 
system must occupy both space and time. 

The extension of the model to more general spatial and 
temporal distributions of the input function is indicated 
elsewhere ( 1 5 ) .  

Two additional hypotheses or restrictions on the system 
will be made: (1) The packets have a large propensity to 
move toward the right. (2)  The propensity to become and 
remain stationary is small. 

The first of these restrictions is quite natural in a flow 
system, the “right” being in the direction of the mean flow, 
and the choice of direction is clearly arbitrary and unim- 
portant. It creates no significant restriction on the model. 

The existence of such a state (of zero velocity) for a 
packet may be interpreted physically in two ways. The 
packet may be thought to just sit still in the fluid phase 
for a time interval or it may be thought to represent ma- 
terial adsorbed by the packing. There appears to be no 
basis for precluding the first of these while allowing a state, 
-V. It is profitable, however, to consider that virtually all 
of the packets in velocity state zero iepresent adsorbed 
material. 

The second of the restrictions carries implications which 
may limit the model. I t  implies that the bed is not strongly 
adsorbing and that the fluxes between the fluid and solid 
phases are in some sense “small.” The degree of restric- 
tiveness of this second hypothesis remains to be explored. 

As a consequence of hypothesis 1 (bulk flow to right), 
the probability of a packet entering or remaining in veloc- 
ity state -V must be small. In such a system the question 
of the possibility of such behavior, that is, “swimming up- 
streakn,”ima~ btc raiked.1 No1 direct txperimental test of this 
is known to exist. A swim upstream the order of a!,, appears 
unlikely in a system under viscous flow, while the situation 
is not clear if turbulence exists. In not precluding such 
an event we invoke a result from statistical mechanics, 
that is, that the apparent absence of an event in a macro- 
scopic measurement does not preclude its occurrence on 
a microscopic scale. 

The long-time behavior of the model is also of interest. 
The model should predict long-term behavior compatible 
with known long-term behavior, that is, Fickian. 

Mathematical Statement 06 the Model 

Proceeding more formally, the changing of velocity states 
by the packets can be characterized by a set of transition 
probabilities. The transitions will comprise a first-order 
Markov chain, that is, there will be a distinct correlation 
between the velocity in the nth and the n + lSt time steps 

i i 

expressed by the transition probabilities. 

bilities) expressing this are 

p = P ( Y ,  v + l / u  + 2) 

The conditional probabilities (velocity transition proba- 

probability that a packet travel- 
ing to the right will continue to 
the right in the next interval 

probability that a packet travel- 
ing to the right will reverse itself 
and travel left in the next inter- 
val 

probability that a packet travel- 
ing to the right will remain sta- 
tionary in the next interval 

Six additional transition probabilities 01 similar definition 

q = P ( u ,  v + l/v) 

r = P ( v ,  v + l / v  + 1) 

are required: 

p’ = P ( u ,  v - l / u  - 2 )  
q’ = P ( u ,  Y - l/v) 
r ‘ = P ( v , v - l / v - 1 )  

As the model allows only three velocity states and each 
packet must be in one of those states in each time interval 

p“’ = P( v, u/v) 
q” = P ( v ,  v/v + 1) 
T” = P ( v ,  v/v - 1) 

p + q + r F 1  
p ’ +  9’ + r‘= 1 

p” + 9’’ + ,” = 1 
(1 )  

The ( Markovian) matrix of transition probabilities can 
be written as 

+V 0 -v +; 
-V f P’ 

I 

or, alternatively 

Two statements 
matrix: 

may immediately be made about this 

1. All the elements pij are real and 0 p i j  6 1 

2.  The row sums are unity, that is, pij = 1, 
j = 1  

i = 1, 2, 3 
The first of these statements is a consequence of using 

“normal” notions of probability on the set of real num- 
bers. The second is a restatement of Equation (1). 

In general, we will be interested in the case where there 
are no absorbing or reflecting states, that is, 0 < pij < 1 
all i, i. The case in which one or more irelocity states is 
absorbing may be approached arbitrarily closely by ap- 
plying continuity arguments to the nonabsorbing case. Re- 
flecting velocity states may be treated similarly. 

The following are defined: 

~ ( n ,  v) = fraction of packets (or probaldity of a given 

a(n,  v) = fraction at v after n time intervals arriving 

B(n,  v )  = fraction at v after n time intervals arriving 

[(n, v) = fraction at v after n time intervals arriving 

packet) at point v after n timi: intervals 

from left 

from right 

from v 
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Then 
y ( n ,  u )  = a(n, u )  + P(n ,  u )  + I ; ( %  .) (2)  

Expressions for the fraction arriving at a given point 
from the various directions are 

a ( n ,  u )  = p11 a ( n  - l , v  - 1) 

+ 1131 P(n - 1 , V  - 1)  + PZl ( ( n  - 1, v -  (3)  

P(n ,  U )  = P I 3  a ( n  - 1, + 1) 
+ p 3 3  B ( n  - 1, u + 1) + p 2 3  I;(n - 1, v + 1) (4) 

+ p 3 2  B ( n  - 1, .) + p 2 2  I;(n - 1, u )  ( 5 )  

< ( ? I ,  .) = p 1 2  a ( n  - 1, .) 

The function y ( n ,  U )  is a density of packets at a given 
position and time. y or a direct function of y will be the 
normally observable experimental variable. I t  is then de- 
sirable to have a recurrence relation for y in which the 
directional quantities a, B, I;  do not appear. I t  has been 
shown elsewhere ( 1 . 5 )  that no exact one- or two-step re- 
currence relation in y exists and that a very large number 
of possible espressioiis exist for a three-step relation. AII 
approximate two-step relation in y was developed and 
shown to be useful only under certain very restrictive con- 
ditions on the transition probabilities. 

Aii exact, one-step recurrence relation for y contaiiriilg 
the a,  P, I; can be obtained from Equations (2 )  to (5).  
It  is 

y ( n  + 1, v )  = 1’11 a ( n ,  v - I )  + 1131 P ( n ,  u - 1 )  

I- p z l  ( ( n ,  v - 1) -t 1112 a ( n ,  I ) )  + 1132 ~ ( I I ,  v )  

i- p22 < ( n ,  v )  + p 1 3  m ( n ,  v + 1) + 1133 p(11, v i- 1) 

+ p 2 3  5 ( n ,  lJ + 1) (6) 

This relation can be used to calculate the distribution 
of packets in the bed for all subsequent times. 

Long-Term Behavior of the Model 
We shall indicate how one may show that the distribution 

of packets among velocity states will converge to an 
equilibrium distribution, and that after it has converged 
the spatial position process may be treated as a pseudo- 
Markov process. This will provide computational advan- 
tages over the direct recurrence relation [Equation (6) 1. 

The three allowed velocity states comprise a closed, 
finite irreducible set. Each of the three velocity states c i ~ l  
be reached from any of the three velocity states but no 
other state can be reached. Under these conditions, it fol- 
lows from the theory of Markov processes (6)  that 

1. An equilibrium distribution exists 
2. I t  is unique and independent of the initial distribution 
3. It  may be calculated from 

U = P T U  ( 7 )  
where 

p 1 1  p12 p 1 3  

= [ :: 1 = [;:; ;:; ;r:j 
and U is a characteristic vector of P associated with the 
characteristic root one. U can be found by standard matrix 
procedures. Details of this are available elsewhere (6,1,5).  

A direct, one-step recurrence relation containing only 
the 7’s can be written for all times after the convergence 
of the distribution among velocity states: 

y ( n  4- 1, v )  = u1 y ( n ,  v - 1) 

+ UP Y(% .) + u3 Y(% v + 1) ( S )  

POSIT1 ON 
Fig. 2. Long-term spatiol distribution. 

If the system is observed after a stationary distribution 
of velocities has been achieved, it will appear to bc 
hlarkovian in position states. I t  should be pointed out that 
while the long-time process appears to be hlarkovian, it 
is not ( I S ) .  Furthermore, it may be possible to show 
theoretically that the spatial distribution will converge to 
;i distribution ob.ser.vably indistinguishable from that of a 
Gaussian Markov process. Stratanovich (19) has demon- 
strated such a result for quite general processes having 
continuous distribution functions, and has indicated (20) 
that an extension to discrete processes is feasible. Figure 2 
indicates the degree of convergence obtained after 1,000 
steps for a typical set of transition probabilities. 

NUMERICAL RESULTS AND ANALYSIS 

Certain facets of the theoretical development and re- 
sults are best explored numerically. Both the stationary 
velocity distribution and the rate of convergence to that 
distribution have significance only when values of the 
initial conditions and transition probabilities are specified. 
Similarlv, the effect of the initial conditions will depend 
on the transition probabilities. 

Equally important is a comparison of the model with 
existing experimental results. This will test the ability of 
the model to concur with extant results and provide some 
insight into the values of the trausition probabilities -and 
their physical interpretation. 

Convergence of  the Velocity Distribution 
The rapidity of the convergence and the actual station- 

ary distribution of packets among the velocity states must 
be explored numerically. An iterative approach to the 
stationary distribution which provides actual velocity dis- 
tribution in each step can be taken directly from Equa- 
tion (7) :  

U(V+l) = pt U(?9 

where 1’ is the number of the time step and P and U are 
those of Equation (7) .  

Alternatively, Usta can be computed using standard 
procedures for finding the eigenvalues and eigenvectors 
of matrices. 

Some transition matrices, their associated stationary 
distributions, and the number of time steps required for 
a given degree of convergence are shown in Table 1. 

The convergence of the velocity distribution usually is 
rapid. Three-digit convergence is generally obtained in 

(9) 
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TABLE 1. CONVERGENCE OF VELOCITY DISTRIBVTION 

Usta N3 N6 Comments 

0.98 
0.95 
0.96 

0.95 
0.50 
0.96 

0.98 
0.95 
0.333 

0.98 
0.7 
0.96 

0.6 
0.4 
0.7 

0.98 
0.0 
0.9 

P 

0.01 
0.025 
0.02 

0.04 
0.4 
0.02 

0.01 
0.025 
0.334 

0.01 
0.15 
0.02 

0.2 
0.5 
0.2 

0.01 
1.0 
0.025 

0.01 
0.025 
0.02 

0.01 
0.1 
0.02 

0.01 
0.025 
0.333 

0.01 
0.15 
0.02 

0.2 
0.1 
0.1 

0.01 
0.0 
0.025 

0.979487 
0.010256 2-4 3-5 
0.010256 

0.922253 

0.015738 

0.969772 
0.015121 6-9 13-14 
0.015106 

0.976470 

0.011765 

0.558441 

0.155844 

0.0 

0.0 

0.062008 6-8 13-16 

0.01 1765 4 7-8 

0.285714 3-7 9-14 

1 .o >50 

Variation in number of time steps 
for a given convergence caused 
by differing initial conditions. 

Irreversible adsorption 

Na, No are the number of time steps for three-digit and six-digit convergence, respectively. 

two to nine time steps, while six-digit convergence is gen- 
erally complete in less than 18 time steps. 

Two convergence criteria have been illustrated because 
differing circumstances may require more or less stringent 
convergence. For example, if the spatial distribution is to 
lie calculated 200 or 300 steps from the origin, the pre- 
cision of the computations must be greater than for a 
short bed if the same accuracy is to be preserved. 

Sensitivity to Initial Conditions 

The model requires the specification of both the initial 
spatial and velocity distributions. The impact of these 
initial conditions will depend on the distance from the 
inlet and on the velocity transition probabilities. 

To explore this, a typical set of velocity transition pro- 
babilities was chosen and several initial conditions were 
examined. They were a Dirac delta at Y = 0 and a square 
pulse of width five units. Velocity distributions were chosen 
as an equipartition among the velocity states and as a 
distribution near the stationary distribution. 

Figures 3 and 4 illustrate the effect of the initial con- 

ditions. The first is the case when the initial velocity dis- 
tribution is near the stationary distribution; the second is 
the case when the initial distribution dif€t:rs sharply from 
the stationary distribution. Several observations can be 
made: 

1. The Dirac pulse is affected much more strongly than 
the square pulse. 

2. The spatial distribution in the early time steps is 
strongly affected by both the initial spatial and velocity 
conditions. 

3. Substantial differences in the spatial distribution, re- 
sulting from the differing initial spatial distributions, per- 
sist as many as 50 d, down the bed. 

4. Differences in the spatial distribution, resulting from 
differing initial velocity distribution, have essentially dis- 
appeared at 50 d, down the bed. 

Other numerical observations can be made with respect 
to the accuracy of approximate recurrence relations, the 
effect of the transition probabilities cn the long-term 
velocity distribution, and, as illustrated earlier, the be- 
havior of the long-term spatial distribution. 

-Dirac Input u = ( .%, .03. .01 ) 

p = .95 .(lr .Ol 

+ .*I 
.% .03 .01 I .% .015 .005 

Square Input 
t cn z 8 .6 

-5 0 10 20 30 40 5 0  60 

POS I TI ON 
Fig. 3. Effect of initial conditions. Initial velocity distribution near 

stationary. 

- Dirac Input 
_ _ _ _  Square Input 

uo= ( .333. .1P. .333 ) 

98 ,015 ,005 

n 

I- i I  n 

-5 0 10 20 30 40 50 

POSITION 
Fig. 4. Effect of initial conditions. Initial velocity distribution far 

from stotionory. 
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t ( s e c . )  
Fig. 5. Comparison of model with data of Cairns and Prausnitz. 

t (sec.) W 
[r 

Fig.  7. comparison of model with data of Carberry and Bretton. 

Comparison of Model w i t h  Experimentol Results 
Results from the stochastic model were tested against 

data reported from experimental studies of packed beds. 
This was done to explore the model’s ability to concur 
with experimental results and to examine the relation of 
the model parameters to the physical parameters of packed 
beds. 

The choice of experimental results for comparison was 
based on the desire to explore a wide range of experi- 
mental conditions a i d  on the availability of data. Model 
parameter determination was performed by successive 
trials, much as the dispersion coefficient is normally fitted. 

The theoretical development is in terms of spatial dis- 
tribution as a function of time while virtually all experi- 
mental results have been reported as temporal distribu- 
tion at fixed positions. Comparisons n-ill be made in terms 
of temporal distributions at the fixed positions of the ex- 
periments, 

Liquid-Solid Systems 

Three liquid-solid systems were examined. Two of tlic 
systems involved response to step changes in input (breuk- 
through curves), while the third was system response io 
a square pulse type input. The well-known relation he- 
tween cumulative distribution and the local probability 
clensitv was used in treating the breakthrough data. 

Figures 5, 6, and 7 show the experimental curves and 
the corresponding results of the model for three liquid- 
solid systems, and Table 2 summarizes the experimental 
and model parameters for both the liquid-solid and g a s -  
solid systems. 

The data of Cairns and Prausnitz (1 ) were fit using an 
iiilet spatial distribution equivalent to their assumed initial 
condition (step function) and an initial velocity distribu- 
tion equal to the stationary distribution (tracer entering 
at mean flow velocity). The detector was located 191 d, 
from the point of injection, hence, the curve should not 
be strongly influenced by the initial conditions. 

The results of Jacques and Vermeulen (10) were mea- 
sured in a much shorter bed at higher N R P  and consider- 
ably lower DJcl,. This result should be, and was, much 
more sensitive to the initial conditions. I t  WRS not possible 
to fit the data using spikc input spatial distribution (equiv- 
alent to their assumed step input). The data were taken 
32 tl, from the point of injection, a distance at which the 
iiifluence of the initial conditions remains important. Both 
the data and the fit show a distinct tailing. This may be 
the result of the initial conditions or the velocity profile 
since the Dt/rl ,  ratio is quite low. These possibilities can- 
not be clearly separated from data at a single detector. 

The data of Carberry and Bretton (2 )  were taken at 
lower N R ~  aiid longer bed lengths than either of the two 
just discussed. Their data have the advantage of having 
been taken at two points some 102 dp apart in the bed. 
Their tracer injection was accomplished by rotating a thin 
wafer of dye solution into the flow stream. This initial 
dispersion is reflected in the initial spatial distribution 
chosen. 

The result of the model and that of the experiment are 
in good agreement at the first detector, while at the second 
detector there is some divergence of the latter halves of 
the peaks. This may imply a nonoptimum choice of model 
parameters but also could be caused by the relatively large 
void detectors and the resulting bed reentrance effects 

Gas-Solid Systems 

Gas-solid system data are quite sparse. McHenry aiid 
Wilhelm (11  } used a sinusoidal input function not amen- 
nble to comparison with the model, while the data of 

(17 ) .  
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I- a 
.15 

K t (sec. )  
Fig. 8. Comparison of model with data of Chao and Hoelscher. No 

mass transfer. 

- Experiment 
o a Model - 

Schneider and Smith (18) were not reported in sufficient 
detail for this purpose. Two sets of measurements by Chao 
and Hoelscher ( 3 ,  4 )  were suitable. One of these is a 
mixing experiment (inert packing) ; the other involves 
mass transfer (activated charcoal packing). Their mea- 
surements were made at a much lower N R e  than any of 
the liquid-solid systems. 

Figures 8 and 9 show the experimental curves and the 
corresponding results of the model, while Table 2 again 
summarizes the experimental and model parameters. 

The initial spatial distribution was taken as slightly 
dispersed and tailed. This appears reasonable in terms of 
the size of the injector, the method of injection, and the 
high diffusivities in the gas phase. Since initial velocity 
distributions could not be obtained from the data, a rea- 
sonable initial distribution was selected. 

The result5 of the model and that of the experiment 
(for mixing conditions) agree only moderately well at the 
first detector. Differences exist both at the peak and at the 
tail. The results conform much more closely at the second 
detector (240 cl,)  . The experimentally determined peak 
remains more tailed than that from the model. 

No set of model parameters was found that would make 
the result of the model conform to the experimental result 
found when the packing was activated charcoal. Nor was 

Investigators 

Cairns & Prausnitz 
(5-3-13) 

Jacques & Vernieulen 
(217-1) 

Carberry & Bretton 
(13-A-3) 

Chao & Hoelscher 
( 18BN) 

Chao & Hoelscher 
(E.41) 

rr t (sec.) 
Fig. 9. Comparison of model with data of Chao and Hoelscher. Mass 

transfer allowed. 

any set found which could produce a (curve like the ex- 
perimental curve at 240 (1, and maintain reasonable initial 
conditions. The exact cause of this is uicertain but (1.5) 
is believed due to a nonlinear adsorption isotherm for the 
hydrogen on the charcoal. This is reinforced by the quali- 
tative agreement of the results of Schneider and Smith 
with those of the model. Schneider and Smith used butanc 
and propane as adsorbable gases (silica gel packing) with 
helium a s  the carrier. The injection concentrations of 
butane and propane were kept below 1 mole 7;. In the 
work of Chao and Hoelscher the carrier was butane or 
propane and the injected pulse was pure hydrogen. The 
assumption of a linear adsorption isotherm made by both 
Chao and Hoelscher and Schneider and Smith is much 
more viahle at the concentrations employed by Schneider 
and Smith. 

Model  Parameters 
Several observation can be made about the model 

parameters, particularly the velocity transition probabili- 
ties. Some of these may be apparent fiom Table 2 and 
the associated figures, while others were observed while 
fitting the experimental data. 

From the table and figures (for no mass transfer) 
1. The correlation of sequential positive velocity states 

( C  = p l l  - 1313) differs in the laminar ( N R ~  < 100) and 
turbulent ( N R e  > 200) flow regimes. 

2.  The relative stability ( K  = pll - ,033)  of the two 

TABLE 2. EXPERIMENTAL AND MODEL PARAMETERS 

191 

32 

204,306 

60,240 

60,240 

17 

7.5 

8.5 

10 

10 

NRe P 

330 0.9 0 0.1 
0 0  0 
0.9 0 0.1 

480 0.9 0 0.1 
0.9 0 0.1 
0.87 0 0.13 

100 0.99 0 0.01 
0.9 0 0.1 
0.965 0 0.035 

2.5 0.99 0 0.01 
0.9 0 0.1 
0.85 0 0.15 

in 0.975 0.0225 0.0025 
range 0.18 0.80 0.02 
0.5-5 0.85 0.075 0.075 

(0.1, 0.4,0.4, 0.1) 

(0.15,0.35, 0.35, 
0.15) 

(0.02,0.6, 0.06,0.08, 
0.08,0.125,0.125, 
0.2,0.2,0.05) 

(0.1, 0.02, 0.04, 0.08, 
0.15, 0.3, 0.3, 
0.07,0.03) 

U" Usta 

0.9 0.9 
0 0 
0.1 0.1 

0.8 0.897 
0.1 0 
0.1 0.103 

0.8 0.990 
0.1 0 
0.1 0.010 

0.8 0.988 
0.1 0 
0.1 0.012 

0.9 0.893 
0.01 0.102 
0.09 0.005 
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velocity states decreases with increasing N R e  for the liquid 
systems. 

3. The tendency to develop a tail is related to p31. 

Also observed were 
1. The slope of the leading edge of the peaks and 

tendency of the peak to become more disperse are sensi- 
tive to the value of pll; for example, values of pi1 of 0.985 
and 0.980 other things equal, produce noticeably different 
peaks. 

2.  The slope of the trailing edge of the peak and the 
size of the tail are sensitive to 1 ~ 3 1  though less so than the 
leading edge to p l l ;  

3. The pedks were relatively insensitive to moderate 
choices of initial velocity distribution in the cases examined 
here. 

Nothing further can be said at  this time about the sen- 
sitivity of results to the various model parameters. This is 
obviously an important question and one that deserves 
further study. 

Little can be inferred from the one comparison of the 
model and experimental measurement of a bed under m x s  
transfer conditions. 

SUMMARY AND CONCLUSIONS 

A new model of packed-bed behavior, based on a second- 
order stochastic process has been presented. The model 
takek thk basic process to be the transitions of fluid packets 
among the allowed velocity states on a time and size scale 
of the flow time past a packing particle and the size of a 
packing particle respectively. The observable phenomenon, 
that is, the spatial distribution of packets, is a projection 
of the velocity state process. 

This model, while still a decidedly naive representation 
of the complex processes in a packed bed, represents an 
advance over present models and avoids the total mathe- 
matical intractability of a completely rigorous approach. 
The analogy between the transitions of the packets among 
the velocity states, and the relative shifting of various 
fluid elements, believed to be a major source of dispersion, 
is direct. 

The stochastic model satisfies the obvious tests, that is, 
the dispersion of the spatial distribution grows with time 
( Is ) ,  the spatial distribution becomes Gaussian at large 
distances from the point of injection, and the distribution 
of packets among velocity states becomes stationary, an 
internal requirement of the model. 

A comparison of the model with a number of experi- 
inental studies under mixing conditions, while not exten- 
sive, is encouraging. The model showed good ability to 
fit the experimental results, and, moreover, the values of 
the model parameters were consistent and were correlated 
with the physical parameters of the systems. Additionally, 
the model predicts that the effect of the initial conditions 
extends considerably farther into the bed (-50 d,) than 
that predicted from the dispersion model (-10 d,). This 
is in agreement with experimental observations. 

Present results, under mass transfer conditions, are in- 
conclusive. The data examined showed strong evidence of 
nonlinearity and the model seemed incapable of fitting 
them. Qualitative agreement between the model and other 
apparently linear mass transfer data was found. 

The stochastic model proposed here cannot be con- 
sidered predictive at this point. It does seem to contribute 
a new element to the understanding of dispersion in fixed 
beds and will hopefully stimulate others to examine this 
(and other) processes in this light. A wide range of data 
must be examined to determine the existence and nature 
of relationships (if any) between the model parameters 
and the physical parameters of packed beds. 

’ 

NOTATION 

d p  = diameter of packing particles 
DL = overall axial dispersion coefficient 
Dt = diameter of packed bed 
D = molecular diffusivity 
E = dispersion coefficient, Figure 1 
1% = time step index 
N,, = Peclet number = dp U / D L  
N R ~  = Reynolds number = dp  U/V 
Nsc  = Schmidt number = v / D  

p,: q’:/ }= velocity transition probabilities defined in 
p > 9 , T” 
p lJ  = velocity transition probability 
P 

t = time 
u = mean interstitial velocity 
U1, UQ, U3 = fraction of packets in velocity states, 1, 2, 

Uo = superficial velocity 
U 

V = characteristic packet velocity 
a, p, y ,  ( = probabilities defined in text 
c = void fraction 
p = viscosity 
Y 

T = chaiacteristic time, L /v  
(n) = time step n 

P;  4 7  r 

text 

= matrix of velocity transition probabilities defined 
in text 

and 3, respectively 

= vector of distribution of packets among velocity 
states 

= spatial index, also kinematic viscosity 

0 = initial condition 
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